In the present paper, a new theorem on the degree of approximation of a function f , conjugate to a 2π periodic function f belonging to the Lip α (0 < α ≤ 1) class without the monotonicity condition on the generating sequence {p n } has been established, which in turn generalizes the results of Lal (Appl. Math. Comput. 209: 346-350, 2009) on a Fourier series. MSC: Primary 40G05; 41A10; 42B05; 42B08
Introduction
The degree of approximation of functions belonging to Lip α, Lip(α, r), Lip(ξ (t), r) and W (L r , ξ (t)), (r ≥ )-classes through trigonometric Fourier approximation using different summability matrices with monotone rows has been proved by various investigators like Khan [] has proved a theorem on the degree of approximation of a function f belonging to the Lip α ( < α ≤ ) class by C  · N p summability method of its Fourier series. Lal [] has assumed monotonicity on the generating sequence {p n }. The approximation of a function f (x), conjugate to a π periodic function to f ∈ Lip α ( < α ≤ ) using product (C  · N p )-summability has not been studied so far. In this paper, we obtain a new theorem on the degree of approximation of a function f , conjugate to a π periodic function f ∈ Lip α ( < α ≤ ) class without monotonicity condition on the generating sequence {p n }. Let ∞ n= a n be a given infinite series with the sequence of nth partial sums {s n }. Let {p n } be a non-negative sequence of constants, real (R) or complex, and let us write
The sequence to sequence transformation t N n = n ν= p n-ν s ν /P n defines the sequence {t N n } of Nörlund means of the sequence {s n }, generated by the sequence of coefficients © 2013 Mishra et al.; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. http://www.advancesindifferenceequations.com/content/2013/1/127 {p n }. The series ∞ n= a n is said to be N p summable to the sum s if lim n→∞ t N n exists and is equal to a finite number s. In the special case, in which
the Nörlund summability N p reduces to the familiar C α summability.
The product of C  summability with a N p summability defines C  · N p summability. Thus 
Let f (x) be a π -periodic function and Lebesgue integrable. The Fourier series of f (x) is given by
with (n + )th partial sum s n (f ; x) called the trigonometric polynomial of degree (order) n of the first (n + ) terms of the Fourier series of f . The conjugate series of Fourier series (.) is given by
The degree of approximation of a function f : R → R by the trigonometric polynomial t n of order n under the sup norm ∞ is defined by []
The conjugate function f (x) is defined for almost every x by
We note that t Abel's transformation: The formula 
We write throughout the paper
, where τ denotes the greatest integer not exceeding /t,
Known results
In a recent paper Lal [] obtained a theorem on the degree of approximation for a function belonging to the Lipschitz class Lip α using Cesàro-Nörlund (C  · N p )-summability means of its Fourier series with non-increasing weights {p n }. He proved the following theorem.
Theorem . Let N p be a regular Nörlund method defined by a sequence {p n } such that
means of its Fourier series (.) is given by
Remark  In the proof of Theorem . of Lal [, p.], the estimate for the case α =  is obtained as
Since /(n + ) ≤ log((n + )π)/(n + ), the e is not needed in (.) for the case α =  (cf. [, p.]). http://www.advancesindifferenceequations.com/content/2013/1/127
Remark  Lal [] has used the monotonicity condition on the generating sequence {p n } in the proof of Theorem . but has not mentioned it in the statement.
Main theorem
The theory of approximation is a very extensive field and the study of theory of trigonometric approximation is of great mathematical interest and of great practical importance. It is well known that the theory of approximations, i.e., TFA, which originated from a wellknown theorem of Weierstrass, has become an exciting interdisciplinary field of study for the last  years. Hence a separate study of conjugate series is desirable, which attracted the attention of researchers. Therefore, the purpose of present paper is to establish a quite new theorem on the degree of approximation of a functionf (x), conjugate to a π -periodic function f belonging to the Lip α ( < α ≤ ) class by C  · N p means of conjugate series of its Fourier series without monotonicity on the generating sequence {p n } (that is, weakening the conditions on the filter, we improve the quality of a digital filter [, p.]). More precisely, we prove the following theorem.
Theorem . Let N p be the regular Nörlund summability matrix generated by the nonnegative {p n } such that
(n + )p n = O(P n ), ∀n ≥ . (.) Let f ∈ L  [,
π] be a π -periodic signal (function). Then the degree of approximation of
f (x), conjugate to f ∈ Lip α ( < α ≤ ) by C  · N p
means of conjugate series of its Fourier series, is given by
Remark  For a non-increasing sequence {p n }, we get 
Lemmas
We need the following lemmas for the proof of our theorem.
Lemma  If P n is positive and P
.
and, by (.), we have
Since P n >  and P
and, in case a ≥ [t - ], we would have
This completes the proof of Lemma .
This completes the proof of Lemma .
Lemma  Let {p n } be a non-negative sequence satisfying (.), then
Proof For π/(n + ) < t ≤ π , we have
where
Again, using (sin t/) - ≤ π/t, for  < t ≤ π and changing the order of summation, we find
Using Lemma , we have
Using Abel's transformation, we obtain
Therefore, we have
by virtue of the fact that
On combining (.) to (.), we get
in view of (.) and τ ≤ /t < τ + .
Finally, collecting (.), (.) and (.) yields Lemma . This completes the proof of Lemma .
Proof of the theorem
Lets n (f ; x) denote the partial sum of series (.), then we havẽ 
Therefore ψ x (t) ∈ Lip α. Now, using Lemma , we have
Using Lemma , we obtain 
